also implies the existence of infinitely many closed immersed surfaces of revolution that are critical values for the Wilmore functional (cf. [5]).
In [2] there is a study of the Euler-Lagrange differential system in the general setting described above, and we will follow the notations and terminology used there. In Chapter II of [2] there is also a general discussion of how a group of symmetries gives 1st integrals. This is used to integrate the Euler equations associated to a number of variational problems in homogeneous spaces (including those associated to (1)). However, in [2] the essential final step of using the full reduction procedure is not taken, and that is what we do here in Sections 1, 2 for general variational problems. In Sections 3, 4 we show how the general method allows us to draw global conclusions about the solutions to the Euler-Lagrange equations associated to (1) .
(Added in press) After this paper was finished, the paper [3a] of Langer and Singer came to the author's attention. Their paper reproduces some of our results and undertakes a study of stability of the critical pts of 
R2(I, w).
Sometimes a Pfaffian differential system is given by a C-(X) submodule 5 of the 1-forms on X together with a 1-form c, where it is not assumed that the subset I = { (x) E TX*(X): x E X and 0 E q } C T*(X) gives a sub-bundle. This failure of I to have constant rank is caused by the following phenomenon (cf. below): In order to construct integral curves of I along which w * 0 we must be able to first find integral elements (as defined below). In examples it will turn out that w(x) E Ix at a general point of X, and then the only way there can exist integral elements is for dimIx to jump up along a subset of X. This will be explained more fully in the construction below.
Example. Let I be a 2-form on X (whose rank may vary), and define the Cartan system C(t) to be the Pfaffian system given by {v j I: v E C"(T(X)) is a vector field on X}.
This example arises naturally in variational problems (cf. [2] and below).
Given (I, w) on X we may define integral manifolds by (1.a.4) where the first condition is replaced by f *(I) = 0. Under reasonable hypotheses (that we do not try to make precise-cf.
[2]) we may associate to (I, w) a Pfaffian system (I*, w), in the previous sense, on a submanifold X* C X such that the integral manifolds on (I, w) and (I*, w) coincide, as follows: By contracting I with tangent vectors a/aX, we see that integral manifolds of (J, w) project to X to give integral manifolds of (I, w) (briefly, we may say that J contains I).
iii 
Reduction for Constrained Variational Problems.
a) The reduced system. There is a well known reduction procedure for a Hamiltonian system with symmetries (cf. [4] ). We shall give an extension of this to general variational problems. The outcome is that a symmetry group allows us to systematically reduce the dimension of the space on which the Euler-Lagrange system is defined.
Let a connected Lie group G with Lie algebra g act on a manifold X, and denote the induced action on T*(X) by The momentum mapping (2.a.1) is constant on integral curves of (J, w).
This follows from (2.a.6) in the form d(Q i i) = -I 4E J= C(tl').

Next, it is clear that (2.a.9)
The integral curves of (J, w) In,-,( are permuted among themselves by G,i.
Finally, it is also clear that (2.a. 10) The integral curves of (J, co) ,,-y, project to integral curves of Ce(").
In practice, (2.a.8)-(2.a.10) reduce the determination of the integral curves of (J, co) to finding the integral curves of the reduced system plus one more integration to lift these curves to m -I (y). In fact, it is not difficult to show that: Here, t: X --R is the projection on the 3rd factor and P: X a is the projection on the 2nd factor. Then 0 = X-Pdt is a g-valued 1-form on X, and its components generate a sub-bundle I of T*(X). Clearly (I, dt) gives a G-invariant differential system whose integral curves are t -+ (g(t), ac(t), t) E X where g(t) E G is a curve whose tangent vector g'(t) satisfies WWW ' (t)) = ao(t) e a.
(Note: Throughout the remainder of this paper the independence condition will be dt * 0; this is because we want to reserve the notation w for the Maurer-Cartan form.)
To obtain a left invariant variational problem we take 
= (x(t), eI(t), e2(t)) where eI(t) = x'(t)/a(t) is the unit tangent and eI(t) A e2(t) > 0.
Under this Frenet lifting (E 2) F o N-A-E2 the structure equations (3.a.1) pull back to the Frenet equations ( dx(t) or(t)dtel, a(t) > 0, (3.a.5) de, (t) Ou(t)K(t)dt e2, &de2(t) -u(t)K(t)dt
e where K(t) is the curvature.
To give Frenet liftings as integral manifolds of a differential system, we let V0(E2) be the oriented frames and set X = 0(E2) X R+ X R X R where R + X R X R has coordinates (a, K, t). On X we consider the Pfaffian differential system generated by the Pfaffian equations The proof will be given at the end of this section.
Using the notations from lb), it is easy to see that Y C Z is given by (3.a.8). Equations (vi)-(viii) are the Euler equations. Since I C (?(t) we may replace (vi) by
Returning to our discussion of solution curves to the Euler-Lagrange system we have from (3.b.6) that (K(S), k(s)) varies on one of the curves in Fig. 1, and from (3 
